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Information concerning t h e  s t ruc ture  of an a r r a y  of p a r t i c l e s  with a cer- 
t a i n  e l e c t r i c a l  conductivity, which a r e  embedded i n  a medium of a r b i t r a r y  con- 
duc t iv i ty ,  can be obtained by a measurement of t h e  e f f e c t i v e  conductivity of 
t h e  system. I n  order t o  r e l a t e  t h e  e l e c t r i c a l  measurement t o  t h e  s t ruc ture  of 
t h e  system, several  workers have calculated t h e  e f f e c t i v e  conductivity of con- 
ducting media containing arrays of per fec t ly  conducting and nonconducting 
spheres and cyl inders .  1-5 
__- 
The e f f e c t i v e  conductivity between rows i n  an a r r a y  of widely separated,  i 
perfec t ly  conducting cylinders will be considered herein by means of t h e  same 
conformal mapping t h a t  i s  used t o  calculate  t h e  interelectrode capacitances 
of an ideal ized planar t r i o d e .  1 ._ 
An a r r a y  of p e r f e c t l y  conducting, equal-sized cylinders embedded i n  a me- 
dium with conductivity a. and d i e l e c t r i c  constant E i s  shown i n  Fig. 1. 
I n  order t o  f i n d  t h e  e l e c t r i c a l  conductivity i n  t h e  x-direction, assume t h a t  
an e l e c t r i c  f i e l d  E = -&Eo i s  applied t o  t h e  system. It i s  advantageous to 
note t h a t  t h e  surfaces [ ( n  + l ) d l  + n dZ,y,z],  where * - 
and d, ., a r e  t h e  x-direct ion separation dis tances  between cyl inders ,  are 
+ 
n = 0,  +1, f 2 ,  
J-9 
equipotent ia l  
i n  Fig.  1. 
Thus, it 
order t o  f i n d  
planes. For example, t h e  n = +1 surface i s  shown by a s t e r i s k s  
i s  merely necessary t o  consider t h e  geometry shown i n  Fig. 2 i n  
t h e  conductivity of t h e  system shown i n  Fig. 1. The equipoteri- 
' . -  
t i a l  planes denoted by 
ducting. The geometry 
- 2 -  
t h e  numbers 1 and 2 may be assumed t o  be pe r fec t ly  con- 
shown i n  Fig. 2 resembles t h a t  of an idea l ized  t r i o d e  
f o r  t h e  case i n  which t h e  cyl inders  a r e  widely separated (b,dl,z >> a ) .  
planes represent  t h e  cathode and anode; t he  cyl inders  represent t h e  gr id .  
The 
Ramo and Whinnery' have solved f o r  t he  in t e re l ec t rode  capacitances per 
unit length C, of t h i s  s t ruc tu re  using t h e  complex mapping 
z '  = e-(-.rcz/b) 
by which t h e  t r i o d e  geometry i n  Fig.  2 i s  mapped i n t o  t h a t  of Fig.  3 for t h e  
condition b,d1,2 >> a. The in te re lec t rode  conductance per un i t  length G, 
i s  r e l a t e d  t o  C, by C, = (~/ao)G,. Thus 
where t h e  values f o r  C, are those given i n  reference 6. 
An equivalent c i r c u i t  f o r  Fig. 2 i s  given i n  Fig.  4. Thus 
It i s  e a s i l y  shown t h a t  
I 
t h e  e f f e c t i v e  conductances per un i t  length between adjacent rows of cyl inders ,  
d l  and d2 apa r t ,  respec t ive ly ,  where a plane through t h e  axes of t h e  cyl in-  
ders  i n  each row i s  v i r t u a l l y  equipotent ia l .  
- 3 -  
If (5: i s  t h e  x-direction e f fec t ive  conductivity between two adjacent,  
CO 
a c t u a l l y  equipotent ia l ,  planes and oZ1( o x z )  i s  the  x-direct ion e f fec t ive  con- 
duc t iv i ty  between two rows of cylinders t h a t  a r e  dl(d2) apar t ,  Eq. (3) can be 
wr i t ten  as 
dl + dZ dl d2 +-  - -  
where 
= 1  - -  (5; dl + d2 (1,2) 
- 2b Geff 0 CJ 
and 
CO 
,-r 
- d  
( 4 )  
( 5 4  
i s  a l s o  t h e  x-direct ion e f fec t ive  conductivity between a row of 
cylinders and t h e  equipotent ia l  surface t h a t  i s  a distance dl(d2) from it. 
When Eq. (sa) i s  compared with t h e  f i n i t e  difference ca lcu la t ion  of R e f .  5, 
it i s  seen t h a t ,  f o r  dl = d2 = b and (a/b) < 0.1, t h e  e r r o r  i n  t h e  above 
mapping technique i s  1.5 percent. Since t h e  e r r o r  i n  t h e  mapping decreases as 
d l  and d2 increase,  Eq. (5b) i s  i n  error  by l e s s  than 1.5 percent f o r  
d1,d-Z > b and (a/b) < 0.1. When d, = dZ, (5" /oo = 1, which ind ica tes  t h a t  
/1\ 
a plane through t h e  axes of cylinders i n  a row i s  equipotent ia l .  
- 
The above mapping technique can be used t o  ca lcu la te  y-direct ion e f f e c t i v e  
conduct ivi t ies  only f o r  the  case of 
t h e  above techniques, it can be shown t h a t  t h e  y-direction e f f e c t i v e  conduc- 
dl = dZe  Thus, i n  a manner i d e n t i c a l  t o  
t i v i t y  between two rows of cylinders or between two equipotent.ia1 surfaces is 
a. ( f o r  dl = d 2 ) .  
- 4 -  
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0 0  Fig. 2. Equivalent array of cylinders. 
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Fig. 1. Array of cylinders. 
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Fig. 4. Equivalent circuit of array 
of cylinders. 
Fig. 3. The z’ plane (not to scale). 
